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1. INTRODUCTION

The General theory of relativity is the geometric theory of gravitation published by Albert
Einstein in 1916. The geometry of Lagrange spaces are applied to the description of classical
general relativity, electromegnetic field and Einstein field equations. The theory of Finsler
spaces with (o, 3)-metrics was introduced by M. Matsumoto [5]. The natural extension
of this theory is based on the canonial Cartan nonlinear connection N [I]. The authors
H.Shimada and S. Sabau were studied the geometry of Finsler spaces with (a, 3)-metrics
and on the remarkable classes of Finsler spaces with (a, 3)-metric. In [2], the author I.
Bucataru have been studied the Finsler space with («a, 3)-metrics have nonholonomic frames

which are useful for unifying theories in theoretical physics.

The notion of Lorentz nonlinear connection N was introduced by B.T. Hassan, which

depends only on the metric L(«, ), so the spaces FIL" = (M, L(«, 3), N) were called the
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Finsler-Lagrange spaces with («, 3)-metrics. This thoery has been applied in the study of

gravitational and electromagnetic ([9], [10]).

The present paper organized the Euler-Lagrange spaces with («, §)-metrics and Lorentz
equations. Also, Einstein equations for Lagrange space with («, #)-metrics, in particularly

Randers metric by means of canonical N-metrical connection.

2. PRELIMINARIES

In this section, we present some fundamental concepts and facts of Finsler-Lagrange ge-
ometry, see([3], [6], 5], [1).

A. Finsler-Lagrange space with («, 3)-metrics:

Let F" = (M, F(x,y)) be a Finsler space. It has an (¢, 3)-metric, if the fundamental

function F'(x,y) can be expressed in the form
F(a,y) = F(a(z,y). B(x,y)),
where F' is a differentiable function of two variables with
042(%9) = aij(x)yiyja
Blx,y) = bi(x)y".

Here, o be a pseudo-Riemannian metric on the base manifold M, it gives the gravitational

part of F(x,y) and 3 be the eletromagnetic 1-form on M.

Denoting L(a(z,y), B(z,y)) = F(a(z,y), 3(x,y)), which follows that L" = (M, L) is a
Lagrange space.

The fundamental metric tensor g;;(x,y) of L" is

1 9°L
9= Oy oyl
According to [5] g;; can be written as
9ij = pag; + pobib; + p_1(bil; + b;ls) + p_alil;, (2.1)

where b; = g—yﬁi, li = aiy’ = a%, P, Po, p—1 and p_o are invariants of the space L™:

1 1 1 1 1

:—LO“ = - s _:_La, —:_Laa__LOt 2.2
PQa P026ﬂP12502 2a2( a) ()
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g, - 9L, oL, _OL
o da’ P93 T B2
O*L O*L

Lgg = —=, Loyg= ———.
- 862" """ dadp
As we known, the Cartan tensor is

1 83L . lagw
40yi0yioy* 2 Oyk’

Ciji =

This tensor is totally symmetric. It can be calculated by means of g;; from (22.1]) taking into

account the formulae from [12]; one obtains
1
205k = 03 k) (P-1ai5bk + p_sai;ly + gﬂlbibjbk

1
+T,2bibjlk + ngbiljlk -+ §7",4liljlk), (23)

where o(; j 1) means the cyclic sum in the indices 4, j, k.

B. Variational problem and Lorentz non-linear Connection:

The variational problem can be formulated for differential Lagrangians and can be solved
in the case when we consider the parametrized curves, even if the integral of action depends

on the parametrization of the considered curve.

Here, we consider the variational problem with end points[4].
Let L : TM — R be a regular Lagrangian and ¢ : t € [0,1] — (z'(t)) € U C M be a
regular curve having the image in the domain of the local Chart U of the manifold M. The

integral of action of the Lagrangian L on the curve c is given by the functional

I(e) = / Lia(z,y), Bla,y))dt.

which leads to the Euler-Lagrange equations as:

oL d 0L i dz’

Ei(L)

The covector E;(L) can be expressed as

(2.5)
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If ¢ is an extremal curve, i.e., ¢ is a solution of Euler-Lagrange equation ({2.4)), then along ¢
the energy of a Lagrangian L is
0L
Er=y'"— —L
L=Y By

Now, let us fix the parametrization of the curve ¢ by a natural parameter t = s, with respect

to the Riemannian metric o?(z, dx/dt)given by

d
ds® = o*(x, d_f)dt2' (2.6)

Thus, along the extremal curve ¢ parameterized by arc lengths t = s, we have o?(x, dx/ds) =
1 and da/ds =0, dL/ds = 0, which implies that d3/ds =0, dL,/ds = 0,dLg/ds = 0.
Since E;(() is given by

W
ds’ ~ Y 9xt  Oxd’

Then, the authors R. Miron and B. T. Hassan has obtained the following theorems[10]:

Ei(B) = Fy(a) (2.7)

Theorem 2.1. In the natural parametrization t = s the Euler-Lagrange equations of the

Lagrangian L(«, 3) are given by

Ei(a2)+2%Fi»(x)yj—0, yi =22 (2.8)

By taking the 77, (z) be the Christoffel symbols of the pseudo-Riemannian metric o* and
_ P—1 i — ik
o(x,y) = 7, Fj(x) = a"(x) Fy; ().

Therefore the above theorem implies that

Theorem 2.2. The Fuler-Lagrange equation (@) are equivalent to the Lorentz equations

as
d*z’ i da? dz* dv. ., . da?

) + ij(fﬁ)gg = o(z, %)F}(aj)%' (2.9)

If Euler-Lagrange equations E;(L)=0, then we detemine a canonical semispray S as

0 —2Gia

S =y — .
Y oz oy’

where 2G*(z,y) = v}, (2) — o(z,y)Fj(x)y’. Them, the integral curve of S are given by the

Lorentz equation (2.9)).
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Now, let us consider the non-linear connection N with the coefficients as

N =)y — o(2) Fi()

Thus, the variation of autoparallel curves of a non-linear connections has been studied in ||

and in 2003 some work be progressed.

Since the autoparallel curves of N are given by the Lorentz equation ([2.8)), we call it is the
Lorentz non-linear connection of the metric L and so F'L™ is the Finsler- Lagrange (o, 3)-
metric L(e, ) and the Lorentz non-linear connection N. The semispray S associated to N

has the coefficients as

2G' = Niy'. (2.10)

Properties of the Lorentz non-linear connection:

(i) The Berwald connection BT'(N) = (B, (z,y),0) of N has the coefficients
(T y) = () — oy (@),
where ¢, = %
(ii) The weak torsion of N is
LYy = 6,Fi(x) — 6 Fj(x).

Clearly, if b; = grad;p(z), then L}, = 0.

(iii) The adapted basis are
0 _ 0 9

ozt O Loy

(iv) The integrability tensor

NI N
T N
of N is
, o , , . .
;‘k =Y Pﬁjk@) + 0 Fy — Uka - U(F;ug - Fif;|j)7
where o; = % and ‘|” is the covariant derivative with respect to the Levi-Civita

connection of o® and pj . (x) is the curvature tensor of the Levi-Civita connection.
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(v) The Lorentz non-linear connection N is integrable if and only if the d-tensor of inte-

grability R;k vanishes.

(vi) The dual basis (dz*, 6y") of (6/dz",0/0y") is determined by
Syt = dy' + N;dxj,
= dy' + V;kykdxj — O’F;dl’j,
= 0y —oF ;dxj :

(vii) The autoparallel curves of Lorentz non-linear connection are given by the system of

differential equations:
5y . dr
dt’ dt

y:

(viii) In the parametrization S with o?(z,dz/ds) = 1, the property (vii) are the Lorentz

equation ([2.8)).

(ix) The exterior differential of 1-forms dy* of the form
doy' = 5 Rjda® A da? + Bjyoy" A da.

C. Canonical N-metrical connection:

The metric N-linear connection is called the canonical N-linear connection or the Cartan
connection of the Lagrange space. The space FL™ = (M, L(«, ), N) has a canonical N-
linear connection CT'(N) with the coefficients (Lj-k, Ci) given by the generalized Chistoffel
symbols (6], [8]):

i 1 _is [ 0gsk dgjs _ Ogjk
ij =29 (ij + oxk dxs

(2.11)

i 1 4s [ Ogsk 9gjs _ Ogjk
jk = 29 <8yj T 3% ~ By
The 1-form connection CT'(N) is

By the property (ix), the structure equations of CT'(N) expressed in the following theorem[3]:
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Theorem 2.3. The structure equations of the canonical N -linear metrical connection CT'(N)

of the space FL™ are as follows

d(dz") — da® A wi = -1,
d(5y") — oy* A wi = 2,

i koa i _
dwy, — wi Awy, = =,

where 1Q, 2Q are the 2-forms of torsion.

Here

0 = C;kda:j/\éyk,

. 1 . .
200 = iR}kdxj A dz” + P’kdx” A 6y
and € is the 2-form of curvature.
e k h i k ho L k h

where R}, is tensor given in property (iv), Pj, = B}, — L% and R}, P, Sk, are the

curvature tensor of CT'(N) [6].
In this study, we use the metric N-linear connection DI'(N) = (L%, C%,)and has a given

d-tensor of torsion Tzk and S! i as follows:

I/ = Ll 1 Zh (gJTTkh + gth ghrTZj) )
(2.12)

Ch = Ol + 59™ (950 Skn + 0S5, — 9nrSk;) »

where (L%, C1,) are the local coefficients of the canonical metric N-linear connection CT'(N)

and Ti,, 5%, simply by (T%,S%,).

D. Einstein Equations on T'M:
Let TM be endowed with a non-linear connection N, an h-v metric structure G and a
metrical N-connection DI'(N) with a priori given torsions (T%, S%,).
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Given an h-v metric G on T'M becomes a pseudo-Riemannian manifold of dimension 2n.

The Einstein equations written for the connection DI'(INV) on T'M as:
1
Ric(D) — §SC(D)G = kT, (2.13)

where Ric(D) is the Ricci tensor field and Sc¢(D) is the scalar curvature of DI'(N), k is
constant and T is the energy-momentum tensor field.

In local coordinates, the authors R. Miron and I. Bucataru were stated as|[7]:

Theorem 2.4. The Einstein equations of the Lagrange space L™ = (M, L) corresponding
to the metric N-linear connection DT'(N) = (L%}, C3,) with the coefficients have the
following form

1
Rij = 5(B+ S5)g; = kT,

1
Sij = 5(3 +9)gi; = kT ),

LP) = kTuy, 2P = —kTig),

where Ty;, T )y, Tij) are d-tensor fields.

3. THE NOTION OF RANDERS METRIC

The preliminaries theories has a remarkable particular case, that is based on the Randers

metric.
F(z,y) = a(z,y) + Bz, y). (3.1)

The Lagrange space L" = (M, L) with

~

L(a(z,y), Bz, y)) = F*(a(z,y), Bz,y)) = (a + )% (3.2)

The invariants (2.2)) of Randers metric are given by

a+ g 1 B
= s =1 pa=— pa=——
(67 « (07

p

Using the formula (2.1]), we obtain the fundamental metric tensor g;;,

B

a3

1
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Its contravariant counterpart ¢¥ as
1 by + T b? .
g == (a” _ ! ) + 2y’y]) : (3.4)
p a+f (a+0)
And we know g;; is positively defined if b* < 1. The Cartan tensor Cy;x (2.3) given by

1/1 3 1 s
Cijk = O0(ij4,k) 5 <aai]’bk - gaijlk — Eblljlk + Jlll]lk> . (35)

2
Clearly, we see that Cj;, # 0. Thus, we have

Theorem 3.5. The Cartan tensor Cij, of Randers metric is non zero (different from zero).

Moreover, the Raders metric is not reducible to a Riemannian metric. For this metric
(3.2), the Euler-Lagrange equation in the natural parametrization given by
dx’

Ei(a?) +20Fy' =0, y' = -,
S

(3.6)

Lg

where o0 = 221 = 128 — ¢,
p 2 p

From theorem 2.2 , we have the result

Theorem 3.6. The Euler-Lagrange equations of Randers metric L = (a+ [3)? is the natural
parametrization o(x,dx/ds) =1 are given by the Lorentz equation

d*zt . dad dat dx?

ar T g =B 3D

Thus, the coefficients of the canonical semispray and non-linear connection N as:
2G" (2,y) = v (0)y'y* — a(z, y) Fj(2)y’,
N} = yjk(x)yk — aF(z).

The weak torsion of N is L, = 0 and the metric N-linear connection DI'(N) = (E;k, _]Zk) is
given in (2.12)) coincide with those of the Cartan connection. Moreover, taking into account

that, with respect to the canonical N-linear connection N, we have g; = 0.
The torsion tensor of DI'(N) are
;k =0, R;'k? ;lm ]Zk = ;k - 2]" ;kz =0. (3-8)
In the following and using the properties form [I], we get
Wy =0, Py’ =0. (3.9)
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4. EINSTEIN EQUATIONS OF LAGRANGE SPACE WITH RANDERS METRIC

In this section, we find the Einstein equations for Lagrange space with Randers metric.

Now, we shall express equation (2.13) in the basis (§/dx%,0/dy"), i.e., adapted to the
decomposition of T, TM, uw € T'M into horizontal and vertical subspaces. Recall that such

decomposition is produced by the N-linear connection derived form L.

Regarding this, we set (X,) = (X;, X(;)), where X; = 6/6z" and X;) = 9/9y’. The indices
i will run from 1 to 2n and (¢) will run from n+1 to 2n. The local vector fields (X,) provides
a nonholonomic basis given by

[Xb, Xc] = Wl?chy

which satisfies the following Vranceanu indentities [13]

D [Xa(Wik) + WeabW] = 0.
(abc)

Let Dx X, = I't. X,. Then the basis (X,) the torsion T of the N-linear connection D has
the components
gc —Lbe ng + Wbac
In the basis (X,) the curvature R of the N-linear connection D has the components
gcd - Xdrgc - XCng + Fle)c gd - Flc;cheLc + Pge Zd'
The torsion and curvature components given by
T(X., Xp) = Th. Xa, R(X4, Xo) X = Ry X

In the adapted basis (X,) the Bianchi identities of D of the form:

Z(DaRgbc + R(eicw gc) = O’

abc

Z(DaTgc + TZngc - Rgbc) = 07

abc
where D, = DX,.
If in these equations the components with respect to X; = 6/6z" and X;) = 9/0y" are

separated, it comes out that among the coefficients I'., we have

i 7 @ i
ik = Lie Tijyay = Cine
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This is advantage created by the choice of the basis (X,) as well as by the fact that D is an

N-linear connection.
The set of components T, of the torsion field T splits into following:
TG

O _ g O
Tie = s 1)

T;'.k = T;‘.k, L= —Cjk, ']r;',(k) — _C;ﬁ,ﬁ TW®) =,
— i (@) _ pi @
e = Py Tiw = B Toa =0

(4.1)

70
with respect to the basis (X, ), the Ricci tensor field of the N-linear connection DI'(N) has
the components

Ri; = Rij, Ru; =" Py, Ry =—"P;, Ry =Sy

By the pseudo-Riemannian metric G has the components G, given by

Gij = gij, Giy =0, Ga; =0, Gy = gy
G = g G — 0, GWI =0 GO = gi
where g;; and g% are given in (3.3) and (3.4) respectively.

Thus, the tensor field RY = G*“R,, and the scalar curvature Sc(D) have in the frame X, the

components are

i _ pi (@) _1 pi i _2 pi (@) _ i _

J’
where R = g R;; and S = g7 S,;.

Theorem 4.7. The Finstein equations of the Largrange space with Randers metric corre-

sponding to the metric N-linear connection DU'(N) = (L%, Cy) have the following form

Ri; = 3(R+ S)gij,
Lpi—0, 2Pi=0, (4.2)
Sij = 3(R+5)gi;,

where g;; given in .
Proof. Making use of the formulae (4.2)), one can shows that from theorem and corresponding

d-tensor fields in (2.12)), (3.8)), (3.9) and (4.1]) are equivalent to get (4.2)). O
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In vaccum, which corresponds to the case T;; = 0, if we multiply this with G¥ = g% the

equation (2.13) of Randers metric can be written in the form

wh

1 1
Rij — 58¢(D)Gi; =0, or Rij — 55¢(D)gi; = 0, (4.3)

ich implies that Sc(D) — nSc(D) = o. Hence, S¢(D) = 0 for n > 1. Thus,the equation

?77?) takes the form R;; = 0 and immediately we obtain the following result.
j

Lemma 4.1. For the vaccum state, the Finstein equations of the Lagrange space with Ran-

ders metric corresponding to the metric connection DT'(N) = (L}, C}) are as follows

[1]

[9]

[10]

[11]

[12]
[13]

Rij == O, Sij == O, IP; == 0, 2P; - 0 (44)
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